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Abstract 

Given a smooth curve, the canonical representation of its automor- 
phism group is the space of global holomorphic differential 1-forms as 
a representation of the automorphism group of the curve. In this 
paper, we study an explicit set of curves in positive characteristic 
with irreducible canonical representation whose genus is unbounded. 
Additionally, we study the implications this has for the de Rham hy- 
percohomology as a representation of the automorphism group. 

1 Introduction 
1.1 Motivation 

Consider a smooth projective curve X of genus g over an algebraically closed 
field k. The canonical representation of G := Aut(X) is the ^f- dimensional 
/c-representation of G induced by the natural action of G on the space of 
global holomorphic differential 1-forms on X. When k = C the canonical 
representation has been extensively studied in [9], |H] and ^U\. These meth- 
ods extend to positive characteristic if the characteristic of k does not divide 
\G\, but little is known in the case where it does. 
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thanks goes to Bjorn Poonen, Loren Spice, Dylan Moreland, Karen Smith, and Hunter 
Brooks. 
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In this paper, we focus on the natural question of when the canonical rep- 
resentation is irreducible. If it is and k has characteristic zero, then g"^ < \G\ 
since the sum of the squares of the dimensions of the irreducible representa- 
tions is equal to the order of the group. On the other hand, for g > 2, the 
Hurwitz bound gives \G\ < 8A{g — 1). Together, these imply that g < 82. 
This situation is studied in §19 of [3J, which includes a list of all possible 
genera and automorphism groups. The Klein quartic X{7) is a particularly 
important example of this phenomenon in characteristic zero (see [5]). 

The situation is quite different in positive characteristic. The Hurwitz 
bound continues to hold for characteristic p > 0, provided that 2 < g < p, 
with the sole exception of the curve y"^ = — x (see [H]). However, in 
the general case, the bounds on irreducible representations are weaker, and 
thus we get no upper bound independent of \G\ on the genera of curves with 
irreducible canonical representation. This presents the possibility of having 
curves with arbitrarily large genus and an irreducible canonical representa- 
tion. This paper shows that this holds for the projective smooth curve cor- 
responding to y"^ = x^ — X, which has genus {p — l)/2. The question remains 
open whether for fixed p there exist curves over k with irreducible canonical 
representation of arbitrary large dimension. The curve studied in this paper 
is also interesting because it is one of the four projective curves that arise 
in the semistable reduction at p of the tower of modular curves {X{Np'^)}r, 
whose (etale) cohomology realizes the local Langlands correspondence for 
GUiQ,) (see M)- 

1.2 Summary of Results 

Let k be an algebraically closed field of characteristic p > 2, and let X be 
the unique smooth projective curve with affine equation y"^ = x^ — x. Set 
G := AutA:(X), which is a degree 2 central extension of PGL2(Fp) (discussed 
in [TT] §5). Explicitly, let G C GL2(¥p) x F^2 be the subgroup of elements 
(a, Ua) with det a = u^. Then acts diagonally on G via 

A(^,«.) = ((^^)^,A(^+^)/V) 

and G = ¥p\G. We will consistently represent elements of G by chosen lifts 
in G. Then if a = (^ ^) ^ G'-^2(Fp), and u„ is a choice of square root of 
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det (7, we can write the action of G on the affine coordinates of X as 



In this paper, we show that H^{X, ^x/j^) is irreducible as a fc[G]-module. 
We do this by considering a small index subgroup H of G that is a quotient 
of SL2(Fj,). The restriction of the canonical representation to this subgroup 

is the (g — 1)** symmetric power of the standard representation of SL2(Fp) 
on k"^, which is well-known to be irreducible. It is not difficult to then de- 
scribe H^{X,fl]^,jJ as a A;[G]-submodule of the induced representation of 



In the second half of this paper, we consider the de Rham hypercohomol- 
ogy as a A;[G]-module. In characteristic 0, Maschke's Theorem implies that 
any representation that is not irreducible must be semisimple (i.e. must split 
as the direct sum of its irreducible submodules). However, in characteristic 
p, the theorem does not apply if p divides \G\ and it is possible to find repre- 
sentations that are reducible but not semisimple. If a nonzero representation 
is not the direct sum of two proper subrepresentations, call it indecompos- 
able. The dc Rham hypcrcohomology of a curve is clearly reducible, since 
H^{X,Q^^iJ embeds as a fclGJ-submodule, but we show that in the case of 
the curve X, the de Rham cohomology is indecomposable. As explained 
above, this phenomena is unique to positive characteristic. 



As H^{X, ^x/,.) is functorial in X, it has a /c-linear action of G. To determine 
the structure of of H^{X, ^^j^ as a /c[G]-module, we begin by studying it 
as a A;- vector space. 

Lemma 2.1. Let 



The set {r^ | i = 0, 1, . . . , gi — 1} is then a basis for H^{X, ftx/i^). 

Proof. The set S = {x^y^dx \ i.j E Z} certainly spans the set of all mero- 
morphic differentials (since 2ydy = dx), but will include differentials with 




Sym^-^(A;2). 



2 The action of G on H\X, Q 
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poles. To determine which of these are holomorphic, we first note that an 
easy calculation shows that the divisors of x, y, and dx are 



div(a;) = 2Po + (-2)Poo 
div(y) = Po + A + ... + Pp-i + (-p)Poo 
div(dx) = Po + Pi + ... + Pp_i + (-3)Poo. 

Where Pt = {t,0) for t = 0, 1, — 1 and Poo the "point at infinity" on X. 
We compute: 

div{xydx) - {2i+j + l)Po + (j + l)Pi + (j + 1)P2 + .. . + (-2z + (-p)j - 3)Poo, 

so an element of S is holomorphic if and only if the following conditions hold: 

2i + J + 1 > 0, J + 1 > and (— 2)i + {—p)j — 3 > 0. The only elements of S 
that fulfill these conditions are fi for i = 0,1, . . . , g — 1. This gives a spanning 
set of g elements and hence a basis, as H^{X, ^^j^^) is (^-dimensional. □ 

To study H^{X,Vl\^h^) as a G-representation, we begin by considering a 
specific subgroup of small index. Consider the morphism 9 : SL2(¥p) — )■ G 
that sends a G SL2(Fp) to the equivalence class of (cr, 1), and let H = im9. 

One can check that 

if p = 1 mod 4 
if p = 3 mod 4 

As IGI = 2{p - l)p{p + 1) and | SL2(Fp)| = {p - l)p{p + 1), we conclude 
\G : H\ = 2 a p = 1 mod 4, and that \G : H\ = A ii p = 3 mod 4. 

Let Sym^~^(fc^) be the {g — I)'** symmetric power of the standard repre- 
sentation of SL2{¥p) on k^. We identify Sym^~^(/c^) with the /c-subspace of 
k[u, v] consisting of homogeneous polynomials with degree g — 1- This space 
has basis {v^~^, v^'''^u, . . . , u^"^} and 5'L2(Fp)-action given by 

a h\fu\_fau + hv 
c d J \ V J \ cu + dv 

Note that if p = 3 mod 4, then g — 1 is even, and the action of SL2{^p) 
on Sym^'^(A;^) is trivial on ±7. Because of this, we can define an iJ-action 
on Sym^~^(/c^) where if /i e if such that 9{a) — h, then h acts as a does. 
This is well-defined since the kernel of 9 acts trivially. Let V be this H- 
representation. 
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Proposition 2.2. The map 



: lesniH^iX, fi^/J) -> V given by — ^ u'v^'"^ 



x^dx 

y 

is a k[H]-module isomorphism. 



Proof. Clearly (p is an isomorphism of vector spaces over /c, so we need only 
check that ip is if-equivariant. Let h = (7, 1) G if for 7 = ( ^ d) ^ SL2{¥p). 
We calculate 

ho^ {x'y-^dx) = h{u%^-'-^) 

= {au + hv)\cu + dvY~'~^ 



and 



cx + d J \ {cx + y \cx + c? 

= ip{{ax + b)\cx + dy~''^y-^dx) 
= {au + bvy{cu + dvy-'-\ 

f ax + b\ . ,, _2 , ^ 

smce d = [cx + d) dx. □ 

Vcx + rfy ^ ' 

Corollary 2.3. As a G -representation, H^{X, ^^^/^,) is irreducible. More- 
over, H^{X,Ox) is naturally the contragredient of H'^{X,Q]^^iJ , hence irre- 
ducible as well. 

Proof. It is well-known that Sym^~^(A;^) is irreducible as a representation of 
(Fp) (see the discussion following Corollary 3 of Chapter 3 in [1] on pages 
14-16). It is clear from the way we defined V that it is thus irreducible as 
an //-representation, and this implies it is irreducible as a G-representation. 
The Serre duality pairing H^{X,Q^^j^) x H^{X, Ox) k is G-equivariant, 
so H^{X,Ox) is canonically the contragredient of i/°(X, and thus 

irreducible. □ 

Recall that the induced representation Ind^(V) is k[G]®k[H]V . Frobenius 
reciprocity tells us that 

HomG(ii°(X,n^/,),Ind|(\/)) = RomH{TesH{H%X,n],/,)),V) 
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However, since Corollary 12.31 tells us that reSiy(if°(X, fi^^^)) and V are iso- 
morphic irreducible if-representations, this means that the right hand side is 
one dimensional. Thus there is a nonzero fc[G']-linear map from H^{X, ^x/iJ 

into Ind^(V^) and it is unique up to scaling. (For more on irreducible and 
induced representations, see sections 1 and 8 respectively of pQ.) 

In the case where p = 1 mod 4, \G : H\ = 2 so as a vector space 
the induced representation is V Q) V. If a G G corresponds to the equiv- 
alence class of ((oi)i~l) G G, then G = H U Ha. Note in particular 
that if G H^{X,n^^^j^), the au = —u and if (fi,f2) G Ind^(l^), then 
C({vi,V2) = {v2,vi). Note that we can easily calculate the G-action on the 
induced representation from that. 

In particular the map 

T:H\X,n],/,)^lnd^^iV) 

is G-equivariant. Thus fi^^^) embeds into Ind^(K) as the k[G]- 

sub module {{v, —v) G V (BV}. 

If p = 3 mod 4, then |G : i/| = 4 so as a vector space the induced 
representation isVQ)VQ)V(BV. If (3 G G corresponds to the equivalence 
class of ((~o where i & k such that i"^ = —1, then G = H U HP U 

H/S"^ U HP^. Note in particular that if fj is a basis element of i/°(X, f^^/^) 

as in Lemma \2A\ then Pfj = {—lyifj. If (f i, f2, "^3, ^4) G Ind^(V^), then 
1, f2, f3, f4) = (f4, "Wi, f2, "Ws); note we can easily calculate the G-action on 
the induced representation from this. In particular, the map 

T:/f°(X,n^/,)->Indg(F) 

if G-equivariant. Thus ^x/j.) embeds in Ind^(\^) as the fc[G]-submodule 

spanned by 

{(y.(r,), i-l)HcpiT,), -^(r,), i-iy^Hcpir,)) e \ j = 0, . . . , g - 1}. 

Remark: This suggests a new proof that the p-rank of X is 0, different 
from more computational approaches such as that of plJj. The Cartier oper- 
ator is the /c[G]-linear map on H^{X, Ox) induced by / 1— )■ Since Serre 
duality is G-equivariant, this induces a A; [G] -linear map on H^{X, fi^/fe)' 
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matrix of which with respect to any basis is the Hasse-Witt matrix. The 
rank of the Hasse-Witt matrix of a curve is the p-rank of the curve. Since 
the image must be G-stable, and H^{X,Q^^i^) is irreducible, it follows that 
the p-rank is either or g. It is then a simple check to see that the image of 
a basis element vanishes, indicating it must be 0. 



For any smooth proper curve Y over a field L, H^{Y, Qy/i) embeds as strict 
subrepresentation of Hjpf {Y/L). If L is of characteristic zero, it follows from 
Maschke's Theorem that H^{Y, Qy/i) is a L[Aut(y)]-module direct summand 
of H^j^{Y/L). However, Maschke's Theorem does not apply in positive char- 
acteristic if the characteristic of L divides |Aut(y)| (as in our case), so it 
need not be the case that reducible implies decomposable. In this section we 
will show that, in fact, H\^{X/k) is indecomposable as a /i;[G']-module. 

For these computations we will use the Cech cohomology with the open 
affine cover U = {1/1,1/2}, where Ui = X — Pq and U2 = X — Poo (for 
background on Cech hypercohomology, see [6J Om §12 and [2] Exp V). The 
method used here is largely based on that in [7J. By definition, H\^{U) is 
the quotient of the fc-vector space 

{{uJl,UJ2,fl2) I UJi G ^X/k{Ui),f 12 e Ox{Ui n U2),dfi2 = UJl - UJ2} 

by the A;-subspace 



3 The action of G on H, 



{(*,*,/! -A) I /ieOx(f/,)}. 



Theorem 3.1. The canonical exact sequence of k[G]-modules 



(3.1) 



^ H'iX, n') ^ H',j,iX/k) ^ H\X, Ox) ^ 



does not split. 



To prove this, we will first find a fc-basis for 
of G on this basis. 



dR 



(U) and study the action 



Lemma 3.2. For i = 0,1 



. . . ,g ~ 1, let Ti be the class of 



(3.2) 



{x^y ^dx,x''y ^dx,0). 
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in H\j^{U). For i = 1,2, . . . , g , let rji be the class of 

(3.3) ((1 - 2t)x^~3''d{yx-^^^), -2tx^3-'dy, yx-') 

in H^j^iU). Together, these form a k-basis for H\^{U). 

Proof. We need to first determine that these are well-defined elements in 
H}j^(U). It is clear the are well defined in Hjj^{X/k) since x^y~^dx is 
holomorphic for i = 0,1, . . . , g — 1 (note: the Tj are the images of the 
fi G if^(W, under the canonical map). To show that r/j is well defined, 

we first calculate that d{yx~^~^) = x^~^dy. So 

(1 - 2i)x^-3-'d{yx'^-^) - {-2ix'^^-'dy) = (1 - 2i)x''dy + 2ix'^^-'dy 

= d{yx-'). 

The requirement that Ui — U2 = dfi2 for an element {ui,U2, /12) £ H^r{^) 
follows from this, but we still need to ensure that the ui, 002 and /12 are holo- 
morphic on the appropriate open sets. To do this, it is enough to calculate 
their divisors, which are: 

div((l - 2i)x^-3-'d{yx-3-^)) = {-2{)Po + {2g + 2i - 2)P^ 

diY{-2ix^3''dy) = 2{2g - i)Po + {2i - 2g - 2)P^ 

p-i 

<liv{yx~') = (1 - 2i)Po + 5^ + {2i - p)Poo 

Notice that the first equation refers to a differential holomorphic on Ui, the 
second a differential holomorphic on U2, and the third a function holomorphic 
on Ui n U2] we conclude that the r/jS are well-defined in H\^{U). 

Certainly, the exact sequence in Equation (13. ip splits as a sequence of 
fc-vector spaces. Since by Lemma [2?T| the fjS form a basis for H^{U,Q}-^i^), 

and the XjS are their images in H^j^{U), it suffices to show that the image of 
{r]i\i = 1, . . . , g} in H^iU, Ox) is a basis. 

Recall that H^{X,Ox) is the dual of if°(X,n^/J, and that under the 
canonical Serre-duality pairing there is a map H^{X, ^x/j^) x H^{X, Ox) — ^ k 
given by the residue map (see |T2] or Appendix B of [4J for a complete 
discussion). We can use this to show that —2yx~''' is the dual element to 
y~^x'^~^dx. 
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For i = 0, . . . , g — 1 and j = 1, . . . , g the pairing gives 



(3.4) {y x^dx,yx = res(x* ^dx). 

This can be calculated by summing the residues at points P where P G ?7i, or 
equivalently (by applying the Residue Theorem), the negative of the residue 
at Pq. Note in particular this means for the inner product to be non-zero it 
must have a pole somewhere on Ui and a pole at Pq. By the calculations in 
Lemma I2.H 

diY{x'-^dx) = {2i - 2j + l)Po + Po + Pi + --- + Pp-i + (2j -2i- 3)Poo. 

This has a pole aX, Pq ii j > i + 1 and a pole at P^ if j < i + 1. It follows 
that {y~^x^dx,yx~^) = if i 7^ j — 1. If z = j — 1, then {y~^x^dx,yx~^) = 
Tesp^{x~^dx). To calculate this residue, note that t = (p+i)/2 ^ 
formizer at P^o (using the proof of Lemma I2.ip . Since 

^2 y"^ x^ — X 1 1 
xP+^ xP+^ X xP 

we find 

- = f + 



X \x 



from which it follows (by repeatedly substituting) that x ^ = t^^' . It is 



i=0 



straightforward to show from this that Tesp^{x~^dx) = —2. 

Thus {~2yx~^ \ i = 1, . . . , g} is the dual basis of the {fj_i \ i = 1, . . . , g}, 
and in particular a basis for H^{X, Ox)- □ 

Proof of Theorem 13.11 Now that we have a basis for H\^{X/k) as a 
split vector space, we need to consider how our group G acts on these basis 
vectors. Specifically, we are going to consider a G G, the equivalence class 
of ((01), 1), and its action on the span of {r^j | i = 1, . . . , the subspace 
(non-canonically) isomorphic to H^{X,Ox)- We will calculate the image of 
each r]i under cr, and use this to show that there is no splitting of the sequence 
as fc[G]-modules. 

Here we run into the problem that our cover U is not preserved under the 
group action. While aU2 = U2, we get that aUi = X — Pp-i. To account for 
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this, we will refine our cover. Let U3 = X — Pi. Note that then U3 — a ^Ui. 
Define the covers U' = {U2,Us} and U" = UU W. 

We can then calculate the action of cr on H]^^{U.) using the following 
commutative diagram: 



Hln{X/k) 



HUX/k) 



HIr{U) 



where p, p' are the restriction maps, which give isomorphisms of the spaces. 
As we did with H^j^{U), we have a similar definition for H^j^{U"), namely as 
the quotient of 

{{u;i,u;2, Us, fu, /13, /23) | ^^j e ^x/k{Uj), fjk e Ox{Uj n Uk) 

dfjk — — ^k, /23 — /l3 + /l2 = 0, } 

by the subspace spanned by 

{(d/i, dh, dfs, h - f2, h - fs, f2 - /s) I /, e Ox{U,)}. 
Then p and p' are respectively the projections to {uji,uj2, /12) and {002, cu^, 723). 
Lemma 3.3. For i = 1, . . . , g , let 

uu = (1 - 2i)x-s-'+^d{yx-^-^) 
uj2i = -2ixP-'-^dy 

m=l ^ ' 

fi2i = yx'' 

p—i 



m=l ^ ' ^ ' 



Le^ Ui = (a;^, a;2i, ^3^, /i2i, /i3i , /js?) • ^/ « = 1, ■ ■ ■ , 5"; ^/^en i/j a well-defined 
hyper 1-cocycle for the covering lA" . Moreover, under the canonical refine- 
ment map H^ji{U") ^ H\ii{lA), the image of each Ui is rji. 
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Proof. Since it is clear that the projection of z/j to Hjj^(U) is rji, it suffices to 
show that each Ui is well-defined. 

Since we know from Lemma 13.21 that the rji are well-defined, we can 
conclude that uu G ^lx/k{Ui),U2i G ^lx/k{U2), fui e Ox{Ui fl f/2), and 
dfi2i = ujii — 0J2i for i = 1, . . . , g. It then remains to verify the following 
conditions: 

1. Usi e ^X/k{U2) 

2. f23^ e Ox{U2 n f/3) 

3. /i3. e OxiUi n t/3) 

5. dfisi = ooii — uj3i 

6. /23j — /l3j + /l2i = 

Note that 6 is clear from the definition, and that with the other condi- 
tions it will imply 5. Next we will show that conditions 1, 2 and 4 on /23j 
and 1^34 follow from previous calculations. We know from Lemma 13.21 that 
(1 - 2i)x^-^-'d{yx-3'^) E VLx/kiPi), -2ix^9-idy g fix/fe(f/2), and that their 
difference is d{yx~'^) G Qx/k{Ui fl U2). Changing coordinates by replacing x 
with X — 1, we can conclude that differentials that previously were holomor- 
phic on f/i will now be holomorphic on U3, while those holomorphic on U2 
remain so, and that the equality still holds. Thus we get that 

(3.5) (1 - 2t){x - lY^'^-'d{y{x - ly^-^) + 2i{x - if^-'dy = d{y{x - 1)-') 
where 

(1 - 2t)ix - ly-s-'diyix - G nx/k{Us) 

-2i{x-lf3~'dye^x/k{U2) 

y{x-ir^ eOx(U2 n t/3). 

If we substitute i = p — m into (13. 5p (recalling that p = 2g + 1), it becomes 

(3.6) {l+2m){x-iy''~^^d{y{x-iy^-^)-2m{x-iy'~^dy = rf(?/(a;-l)'""*'). 
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( 'P — ^ \ 

Now take fl3.6p . multiply it by I ) , take the sum of these from m = 1 

\ m J 

to m = p — i. Referencing back to the definitions of u^i and /23j, we find 



(3.7) - u,, + Y.(^rn^) ^^(^ ' 1)""'^^ = ^^^s.- 

m=l ^ ^ 



It follows from this that conditions 1 and 2 hold, that is usi G ^x/k{U2) and 
/23i e Ox/k{U2 n f/s). Now note that 

p-i-l / ■ i\ 

p— j 



j(x-i)^ci. 



m=l 

So we can substitute this into (13. 7p . and it follows that uj2i — uj^i = (i/23, which 
is condition 4. 

The only thing that remains is to check that fi^i G OxiUi f\U^). Since 
/23i and /i2j are holomorphic on Uir\U2(^U-i, we need only check that /i3j 
is holomorphic at Poo- We can do this by calculating the image of /isj in 

y 



Frac(CxPoo)- Recall from the proof of Lemma [3^ that t = , . , is a 
uniformizer at P^o. Using this and the definition of fm, we calculate that 
/i3i = 0{t). Since this means /isj has no pole at P^o, we can conclude /isj is 
holomorphic on Ui fl U3. So fisi G Ox(f^i n t/3). □ 



Now we conclude the proof of Theorem 13. II By Lemma 13731 each Ui is the 
inverse image of rji under the canonical restriction map Hjj^(U") — )■ H}^{U). 
The projection of z/j onto Hjj^(U') gives us {u2i,uj3i, f23i), and to understand 
arii, we need only calculate (T{uj2i,uj3i, f23i)- 



12 



So we need to consider the image of {u3i,U2i, f2Zi) under a. 



(Tf23i = — Y] ( ^ 



' p — I 



We can restate this as 



(3.8) cr{uu,uj2ij2-3i) = tY]! . ]flp-j 

P-^~[ \ J J 

where 

fit = ((1 - 2£)x^~<^-'d{yx-'^-^), -2£x^3-edy,yx-^). 

We would hke to be able to write this in terms of the basis from Lemma 13.21 
Iffi' + l <j <J5 — 1, then each ffp^j = rjp^j, which is such a basis element. 
However, for 1 < j < g, this is not the case and so we need to rewrite fjp-j 
in terms of the basis. We find that for 1 < j < g, 

V. - {d{yx^-n,0,yx^-n = {2jx^-'dy,2jx^-'dy,0) = -2jr,_i. 

Since the above is in the same equivalence class as fjp^j within H^j^{U), for 
1 < j < fl', Vp-j is in the image of H^{X, ^x/f.)- This shows that the space 
spanned by the rji is not stable under the action of a. 

Suppose there is a fc[G]-linear map a : H^{X,Ox) ^dRi-^/^) that 
splits the exact sequence in Equation (13. ip . Let {f/ G H^{X,Ox) \ ^ = 
0, — 1} be a dual basis of {f^ G H^{X, f^^/fc) K = 0; • • • 5 fi' ~ 1} under 
the Serre duality pairing. Then define = aiji*) G Hj^{X/k). We would 
like to know how to write in terms of the and rji, the basis given in 
Lemma 13.21 

Fix t G Fp . and let T indicate the element of G such that 

{x,y) ^ {t^x.ty). 
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It is easy to calculate that Ttj = t^*"^^rj and Tr]j = t^~'^^rij. Since the pairing 
is G-equivariant, as is the map a, it has to be the case that Tr/ = t~^^~^r£*. 
This implies that is in the t~^^~^-eigenspace of T, which is spanned by 
Tg-£-i and rji+i. So there exist unique nontrivial ae,bi G k such that = 

Since a is G-equivariant, crr^* = cra(f^*) = a{af^*), so it must be that 
(3.9) at{aTg_f^_i) + ^^(ar/^+i) = ar/ G ima. 

However, we know from the proof of Theorem 12.21 and Equation 13.81 that 

i=0 ^ 

and 



crrje+i 



^ ^ 1=1 ^ ^ t=g+l 



It is simple to show, by plugging this into Equation fl3.9p . that no non- 
trivial a£, be satisfy this, giving a contradiction. Thus the exact sequence in 
Equation fl3.1l) does not split under the action of G. □ 

Corollary 3.4. H^j^{X/k) is a n on- projective indecomposable k[G]-module. 

Proof. Corollary 7 on page 33 of [1] states that the order of a Sylow p-group 
of G divides the dimension of any projective /c[G]-module. A Sylow p-group 
of G has order p and the dimension of H\^{X/k) is2g = p—1. So H^j^{X/k) 
is non-projective. 

Suppose there exist nontrivial /c[G]-submodules M and N such that 

H}^iX/k) = M®N. 

Consider the sequence from Theorem I3.lt 

(3.10) ^ iJ°(X, r]^/,) ^ Hl^{X/k) ^ H\X, Ox) ^ 

where are the canonical maps. Suppose that im?/) fl M = 0. Then 

ker ip'nM = 0, so ip'lM gives an isomorphism between M and some submod- 
ule of H^{X, Ox)- However, since H^{X, Ox) is irreducible by Corollary 12. 3t 
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this means that M is isomorphic to H^{X, Ox) as a /c[G]-module. However, 
this gives a sphtting of the exact sequence in f l3.10p . which contradictions 
Theorem 13.11 

So suppose that imip n M is nonzero. Since imip = as 
a /i;[G']-modules, and if°(X, is irreducible by Corollary 12. 3[ we can 

conclude that imip ^ M. So keiip' ^ M, and thus kerip' n is zero. Thus, 

is isomorphic to a /cfGj-submodule of H^{X, Ox) through ip'. Since is 
nontrivial and H^{X, Ox) is irreducible by Corollary 12. 3[ this means that ip' 
induces an isomorphism between and H^{X,Ox)- However, this gives a 
splitting of the exact sequence in ( I3.10p , which contradicts Theorem 13.11 □ 
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